and G/Φ(G) is supersoluble by induction. So G is supersoluble. Therefore, we consider that Φ(P ) = 1 and P is elementary abelian. By Mashke's theorem [2, Theorem I.17 .6], P = N 1 × N 2 × . . . × N m , where N j is a minimal normal subgroup of G, where i = 1, 2, . . . , m. Since |G : H 1 | = p 1 , it follows that P is not contained in H 1 and there is a subgroup N j for some j such that it is not contained in Proof. We use induction on the order of G. We can assume that
By induction, AK is supersoluble and |G : AK| = p. Similarly, if q ∈ π(K), B ≤ K and |K : B| = q, then HB is supersoluble and |G : HB| = q. Since π(H) ∪ π(K) = π(G), it follows that G is supersoluble by Theorem 1.
Asaad and Shaalan's theorem [4, Theorem 3.1] was developed by Guo W., Shum K. P., Skiba A. N., see [5, Theorem A] . This result can also be obtained from Theorem 1. We introduce the following Definition. The subgroups H and K are said to be tcc-permutable if for any X ≤ H and Y ≤ K there exists an element u ∈ X, Y such that XY u = Y u X. Note that the equality XY u = Y u X is equivalent to XY u is a subgroup.
Hence XY v is a subgroup. Consequently, H and K h are tcc-permutable.
Corollary 2. ( [5, Theorem A])
Proof. It is obvious that H and K are tcc-permutable. We use induction on the order of G. We can assume that H 1 K = G = HK 1 for any proper subgroups H 1 of H and
Since g = hk for some k ∈ K and h ∈ H, we have
By Lemma 1, H and K h are tcc-permutable. Hence the subgroups H 1 and K g satisfy the hypothesis of the corollary. By induction, H 1 K g is supersoluble. Similarly, if q ∈ π(K), K 1 ≤ K and |K : K 1 | = q, then there exists an element k ∈ K such that H k K 1 is supersoluble in G and has index q. Now G is supersoluble by Theorem 1.
